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ABSTRACT. We study pre-images under the iterates P* of a
rational (not necessarily holomorphic) mapping P of P". We
show, assuming a condition on the topological degree A of P,
that there is a probability measure u on P™ and a pluripolar set
£ C P such that \=% P¥*1 — 4 for all probability measures v on
P\ €. We also obtain results on the asymptotic equidistribution
of the pre-images of linear subspaces for sequences of rational
mappings between projective spaces.

1. INTRODUCTION

In this paper, we investigate the asymptotic equidistribution of pre-images
under the iterates of a rational mapping of P” and also under an arbitrary
sequence of rational mappings with rapidly increasing degrees. The study of
value distribution for sequences of mappings may be regarded as an analogue
of Nevanlinna theory; instead of studying the asymptotic behavior of the area
of a pre-image of an analytic set in a ball when its radius tends to infinity, one
investigates the asymptotics of the pre-images of an analytic set under a sequence
of mappings. The prototype for our investigation is the following theorem on
the convergence of the iterated pull-backs of a measure by a rational function,
proved independently by Lyubich [Ly] and by Freire-Lopes-Mané [FLM] in 1983

(see also [ES, HP]):

Let R(2) be a rational function of degree X > 2, let R* denote its
k-th iterate, and let £ be the set of points of P = CU {oo} that
have only finitely many iterated pre-image points. Then there
is a probability measure u on P', such that for all probability
measures v on PL\ &,

1
ﬁRk*V — .
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This result was proved by Brolin [Br| in 1965 for iterates of polynomials. The
limit measure p is the unique probability measure on P! \ £ that is invariant
in the sense that R*u = Au. (The support of p is the Julia set of R.) Recall
that £ contains at most 2 points; in fact, £ is empty unless R is conjugate to
a polynomial or to the map z — z~*. In particular, if we let v be the delta
measure at any point of P!\ £, we obtain the asymptotic equidistribution of the
pre-images of points (with at most 2 exceptional values).

Several recent papers on holomorphic dynamics in several complex variables
(see, for example, [BS1, BS2, BS3, BLS1, BLS2, FS1]) have dealt with various
extensions of the Lyubich-Freire-Lopes-Mané Theorem to polynomial biholomor-
phisms of C2. For holomorphic mappings P of complex projective n-space P" of
degree § > 2, it was shown by Hubbard and Papadopol [HP] and by Fornaess
and Sibony [FS2, FS3, FS4] that 6% log | P*| (where P* is the k-th iterate of P)
converges uniformly to a Green function G on C™™!; see also Ueda [Ue]. Since
dd®log | P*|? = P**w where w is the Kihler form of the Fubini-Study metric on
P" (normalized so that [;, w™ = 1), it follows by Bedford-Taylor [BT] that
5leP’“*w" — (2dd°G)" =,
where p is a probability measure on P™ which is invariant in the sense that
0" "P*u = p. It then easily follows from the equidistribution theorem in [RS]
(see below) that there is a pluripolar set & C P™ such that for all probability
measures v on P\ &,

#Pk*u — .

Fornaess and Sibony [FS4] also showed that for certain meromorphic maps P :
P2 —— P? of degree §, the sequence {§~ % P¥*w} converges to an invariant positive
(1,1)-current.

However, a different approach is needed to obtain convergence of iterated
pull-back measures for rational, non-holomorphic maps. Let P be a rational
map of P” given by polynomials of degree §, and let A denote its topological
degree. One easily sees that the total mass of the measure P**w" equals A\*. If
P is not holomorphic, then A < §" (see Lemma 4.4) so that §—"*Pk*w™ — 0,
and it follows that if the Green function G exists, then (dd°G)™ vanishes on
any domain where the iterates P* are holomorphic (see Examples 2 and 4 in
Section 2). Thus the methods of [HP, FS4, RS] do not yield a useful limit
measure in the meromorphic case. Our main result (Theorem 1.1) gives the
existence of a limit measure ; and a pluripolar set £ such that A=%P**v — 1 for
all probability measures v on P \ £, provided that A > 6”1, A new ingredient
in our proof of Theorem 1.1 is a second derivative bound (Lemma 5.1) on a
“proximity function” given as a fiber integral of a pull-back of the Levine form.
In fact, Theorem 1.1 has a slightly weaker hypothesis on A expressed in terms of
an “intermediate dynamic degree” of P, which we now describe.
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Let P : P™ —— P™ be a rational map. For 1 < /¢ < min(n,m), we let d,(P)
denote the degree of P~1(W) for a generic projective (m — ¢)-plane W C P™.
(For generic W, the algebraic variety P~1(W) has pure codimension ¢ and its
degree is the number of points in its intersection with a generic ¢-plane in P™.)
We also set dg(P) = 1. One easily sees that 0, (P) is the degree of the polynomials
in a representation of P (using homogeneous coordinates). We now suppose that
n = m; then §,(P) is the topological degree of P; i.e., the number of pre-images
of a generic point. If P is holomorphic (i.e., regular), then d,(P*) = &;(P)%*
for 0 < ¢ < n, k> 1. In Section 4, we give an analytic description of the
“intermediate degrees” &,(P) and we show that &,(PItk) < §,(P7)8,(P*) and
Ok+¢(P) < 6, (P)dg(P). Thus we can define the “intermediate dynamic degrees”

Ae(P) = lim 5o(PFYME = inf Se(PFYME < §y(P) < 6,(P)" .

Intermediate degrees were also considered by Friedland [Fr| in the context of
their relationship with topological entropy.

The following is our main result on limit measures and equidistribution for
the iterates of a rational mapping of projective space:

Theorem 1.1. Let P : P™ —— P™ be a rational map, let A = 6,,(P) denote
the topological degree of P, and let P* denote the k-th iterate of P. If A >
An—1(P), then there exist a probability measure p on P™ and a pluripolar subset
E C P™ such that, for all probability measures v on P with v(£) =0,

1 *
X’;Pk V— U
weakly (in the space of measures) as k — co.

A subset S of P™ is said to be pluripolar if it it is contained in the —oo locus
of a quasi-plurisubharmonic function on P™ (or equivalently, if the cone over S
is contained in the —oo locus of a plurisubharmonic function on C**!.) The
pull-back measures P¥*1 of Theorem 1.1 are defined as follows. For a rational
map @ : P —— P, we write

Eqg ={W e P":dimQ *(W) > 0},
where Q™1 (W) denotes the set of Z € P" such that (Z, W) is in the graph of Q.

If v is a finite measure on P* with v(Eqg) = 0, there is a unique finite measure
Q*v on P™ given by

(Q"v, ) :/]P’ " Q.pdv , @eC(P").
"\EqQ

The function Q. € C(P" \ Eq) is given by Q.o(W) = >, ¢(Z;), where
Zy,..., 25, (@) are the points of Q~1(W) repeated according to their multiplici-
ties. (Alternately, Q. can be given by first lifting ¢ to the graph of @ and then
pushing it forward as a current.) The exceptional set £ in Theorem 1.1 should
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be taken to include the algebraic subvarieties Epr (which have codimension at
least 2) so that the pull-back measures P**v are well-defined.

Theorem 1.1 gives an extension of the Lyubich-Freire-Lopes-Mané Theorem
to n variables with a pluripolar exceptional set £ replacing the exceptional set
of at most two points in the one-variable case. In general, one cannot expect £
to be finite when n > 2, since for the meromorphic case, £ must contain all the
algebraic subvarieties Epr, k > 1. Simple examples of holomorphic maps give €
as a finite union of hyperplanes and it is an open problem whether £ can always
be chosen to be algebraic if P is holomorphic. (See Example 1 and Question 1
in Section 2.)

By letting v be the delta measure dyy of a point W, we obtain the asymptotic
equidistribution of the pre-images of points,

(1) -

where P, i, & are as in Theorem 1.1. If f is an £! function on P", we similarly
obtain

(2) *Pk*(fw ) = csp
where ¢y = [ fw™. In particular,

1

— PPy .

(3) -

Write pup = A"FPF*wm: then Py = Augey. If p(Ep) = 0, we can then let
k — oo to conclude that p is invariant in the sense that P*p = Ap. If u(€) =0,
we can further conclude that p is the unique invariant measure that does not
charge £. It is an open problem whether the measure p in Theorem 1.1 can
charge the set Ep.

The Fatou set Qp of P can be defined to be the maximal open set in P
on which {Py} is a normal family of holomorphic maps. One easily sees that a
subsequence of { P**w™} converges in Qp to a smooth 2n-form, and it then follows
from (3) that p vanishes on Qp. (For n > 2, u is usually supported on a proper
subset of P™ \ Qp; see Section 2.) Ueda [Ue] showed that Supp dd°G =P\ Qp
for P holomorphic; however, equality does not always hold for meromorphic P
(see Example 2 in Section 2).

Our proof of Theorem 1.1 is based on a study of equidistribution for se-
quences of rational mappings of projective spaces. This approach was introduced
in 1992 by Sodin [So|, who considered an arbitrary sequence {Ry} of rational
functions (on P') with rapidly increasing degrees and proved that the pre-images
under { Ry} of points w outside an exceptional set £ are equidistributed in a cer-
tain sense. Sodin’s result was generalized in [RS] to sequences of polynomial
mappings C"* — P™. The equidistribution phenomenon in [RS] can be described
as follows:

kpk*awﬁu, WeP*\€,
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Suppose that {Py} is a sequence of polynomial mappings C"* — P™
such that >~ 1/(61(Py)) < co. Then:
(i) the pre-images of all but an exceptional pluripolar set of
complex hyperplanes in P™ are equidistributed with the pull-
backs P w;
(i) 4f all Py are non-degenerate, then the pre-images of all but
a pluripolar set of points in P™ are equidistributed with
Piw™ (m < n).
In this paper we also obtain more general equidistribution results for pre-images
of linear subspaces of any dimension. We let G(¢, m) denote the Grassmannian
of projective-linear subspaces of codimension ¢ in P™. Note that G(m, m) = P™.
We shall prove the following theorem on the equidistribution of pre-images under
an arbitrary sequence of rational maps of projective spaces:

Theorem 1.2. Let {Py} be a sequence of rational mappings from P™ to
P™. Let 1 < /¢ < min(n,m), and let {ax} be a sequence of positive numbers such
that

i 6e-1(Pr)

3

< 400
k=1

Then there exists a pluripolar subset € of G(£,m) such that
1

ax

(weakly in D'“*(P™)) as k — oo, for all W € G(£,m) \ &.

(P W] — Piwh) =0

The pull-back Pfw’ is smooth off the indeterminacy locus of Py and has
locally integrable coefficients. For W € G(¢,m), [W] denotes the current of
integration over W, which is a closed positive (¢, £)-current on P™. (If ¢ =
m, [W] = éw.) For generic W, P;[W] is given by integration over P, '(W).
Precise definitions of the pull-back currents P} [W], Pfw’ € D'**(P") are given
in Section 3. (The exceptional set £ includes those W for which P}[W] is not
defined.)

The proof of Theorem 1.2 uses the Levine current A{‘,V, which is a positive
current that satisfies the equation dd°A%;, = w’—[W] ([Le, GK, Sh]). We consider
the “proximity function”

mp(W) = (P*Agy, 0"
and use the “First Main Theorem”
[(P*[W] = P*w*, )| = |(P* Ay, dd° )| < comp(W)

to define the exceptional set £ in terms of the “proximity sequence” {mfgk}
(see Section 6), as in [RS]. In order to prove that £ is pluripolar, we apply a
new technique based on an approach of Skoda [Sk1, Sk2| to obtain the estimate
dd°m' < €5y 1(P)w on G(¢,m) (Lemma 5.1). This new explicit bound on the
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quasi-plurisubharmonicity of the function —mf; is a crucial ingredient of our
proof.
A consequence of the case £ = m of Theorem 1.2 is the following result on

the equidistribution of the pull-backs of measures by sequences of mappings:

Corollary 1.3. Let {Py} be a sequence of rational mappings from P™ to
P™, where n > m. If

= 5m—1(Pk)
= om(B)

then there exists a pluripolar subset £ of P such that for all probability measures
v on P™ with v(€) =0,

< +00,

 (Ptv—Piw™) =0

as k — oo,

The proof of Corollary 1.3 is given in Section 7.

Remark. Convergence in Corollary 1.3 can be taken to be weak conver-
gence in D'™™(P™), or since the positive currents &,,(P) P have mass 1
(see Section 6), we conclude more generally that

m%; (Piv— Piw™,0) >0
for all (n —m,n — m)-forms ¢ on P with continuous coefficients. In the case
m = n, the currents 6,,(Py) ' P{v are probability measures and we have weak
convergence in the space of measures. However, in Theorem 1.2 (and in Corol-
lary 1.4 below) we do not always have convergence in the space of measures; see
the remark at the end of Section 7

We use Theorem 1.2 with £ = m in the proof of Theorem 1.1. For general
¢, Theorem 1.2 yields the following result on the equidistribution of the iterated
pre-images of linear subspaces:

Corollary 1.4. Let P : P —— P" be a rational mapping, and let P*
denote the k-th iterate of P. Let 1 < { <mn. If a > X\_1(P), then

1
aF
(weakly in D'“*(P™)) for all W € G(¢,m) outside a pluripolar set.

(PH* W] — P*w') =0

This corollary follows immediately from Theorem 1.2 by noting that for
e >0,

(4) So—1(P*) < N1 (P) +elf for k>0.
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2. EXAMPLES AND OPEN QUESTIONS

We begin by describing several sequences of iterated mappings of the complex
projective plane P? in order to illustrate our results. Besides equidistribution, we
are also going to look at invariance properties of the limit currents and measures.
The dynamics of a rational map in more than one variable is usually quite difficult
to analyze, so we consider very simple examples of extensions to P? of proper
polynomial mappings of C2. We also give a preliminary study of the properties
of a particular map arising from Newton’s method (Example 4).

In this section, we identify (z,w) € C? with (1,2,w) € P? so that P? =
C%? U Hy,, where H, is the hyperplane (or line) at infinity, {(0, z,w)}.

Example 1. (This example was discussed in [RS].) We first restrict our
attention to C2 and consider the iterates of the polynomial map P(z,w) =
(2%, w?) : C?> — C2, where ¢ is a positive integer. It is easy to see that the
uniform convergence (1/6%)log(1+ |P*(z,w)|?)"/? — G(z,w) takes place, where

G(z,w) = sup(log " |z, log™ |w])
is the plurisubharmonic Green function of the unit bidisk with logarithmic growth
at infinity. It follows that
c : 1 ks
2dd°G = kli)rrgo a—kP w
(where d¢ = (4my/—1)"1(0—0) ). The current T = 2dd°G, which is positive and
has unit mass, is concentrated on the boundary of the unit bidisk and on the set
{|#] = |w| > 1}. This current is invariant under the mapping P in the sense that

P*T =T .

(The pull-backs of closed positive (1,1)-currents by holomorphic and meromor-
phic maps are defined in Section 3.) According to the results of [RS], this current
is the limit of pre-images of all nonexceptional hyperplanes (lines).

Every hyperplane of the form z = ¢ or w = ¢ has pre-images of similar
form. These pre-images tend towards the cylinder |z| = 1 or |w| = 1, respec-
tively. Thus all such hyperplanes are exceptional. A third family of exceptional
hyperplanes consists of those passing through the origin. Pre-images of these
hyperplanes tend towards the “cone” {|z| = |w|}. We let P?* ~ P? denote the



904 A. RUSSAKOVSKII & B. SHIFFMAN

parameter space of hyperplanes in P?; the point ({o, (1, (2) € P?* represents the
hyperplane {(z,w) € C? : (o + (12 + (ew = 0}. (The point (1,0,0) represents
the hyperplane at infinity, H.) Thus we see that the set of exceptional hyper-
planes consists of the three pencils in P?* : {(y = 0}, {¢1 = 0}, {¢ = 0}. We
note that, besides T, there are at least five more (linearly independent) invari-
ant closed (1,1)-currents (on C2), Ty = dd¢log™ |z|?, T = dd®log™ |w|?, T =
dd®log max(|z|?, |w|?), Ty = [H1] = dd®log |z|?, Ts = [Hs] = dd°log |w|? (where
H; = {z =0}, Hy = {w = 0}) with the same property

P*T; = 0T;.

In fact, they are limits of pre-images of the corresponding exceptional hyper-
planes. (These currents are invariant on P? as well as on C?, and we have the
additional invariant current Ty = [Ho] on P2.)

Now consider pre-images of points. The measure p = T2 = (2dd°G)?, being
the limit of (1/82F)P**w?, is concentrated on the distinguished boundary of the
unit bidisk; hence pre-images of most points must tend to the torus by Theorem 2
of [RS]. However, all points of the form (0, ¢) or (¢, 0) have pre-images of the form
(0,c) (respectively (¢/,0)) and are definitely exceptional (as well as the points
of Hy). So in this case the exceptional set is the same union of 3 hyperplanes
in P2

The measure 4 possesses invariance properties, P*u = 62p. Note that we
also have u =Ty A T.

The map P extends to a rational mapping Q(t,z,w) = (t°,2%,w?) : P? —
P2, which we call the projectivization of P. For this example, Q is holomorphic.
The situation then becomes symmetric with respect to all variables, and be-
cause of the absence of the indeterminacy set, no difficulty occurs. We consider
the “projectivizations” of the currents defined on C?: instead of dd°log™ |z|? =
dd®log(|z|> vV 1), one has dd°log(|z|? V [t|?), where V stands for maximum, and so
on. The projectivizations of the currents T, T1,... ,T5 (as well as [H]), remain
invariant on P2. There are 3 super-attracting fixed points (1,0, 0), (0,1,0), (0,0, 1)
(and no other attracting periodic points), and their respective basins {21, Q2, Q3
comprise the entire Fatou set 2. Note that Supp u = (), 9€2; (the distinguished
boundary of the bidisk), while Supp T’ = |, 0Q; = P? \ Qq.

Example 2. The situation changes if we consider the iterates of the map-
ping P(z,w) = (z¥,w®) : C2 — C? with d; # dy. For simplicity, let P =
(22, w?). It is easy to see that in this case (1/3%) log(1+|P*(z,w)|?)'/? — G(z,w),
where now G(z,w) = log™ |w]|. It follows as before that

1
2dd°G = lim S—kPk*w ;

k—o0



Value Distribution for Sequences and Complex Dynamics 905

however, this time the current T' = 2dd°G is concentrated on the cylinder {|w| =
1}. Tt is invariant for the mapping P:

P*T=3T.

Applying the results of [RS], we see that this current is the limit of the pre-images
of all nonexceptional hyperplanes.

The set of exceptional hyperplanes in C2? consists of the two pencils in P2* :
{¢o =0}, {¢2 = 0}. Besides T, there are at least three more invariant currents:
Ty = dd®log™ |z|2, Ty = dd°log |z|?, T3 = dd° log |w|?>. However this time

Py =21y .

(Note that for any smooth form S on C?, we have P,P*S = 6S; by smoothing
and taking limits, one sees that this identity is also valid if S is a positive (1, 1)-
current on C2. Hence P,T) = 3T}, P.T = 2T.) The currents T; are the limits
of pre-images of the corresponding families of exceptional hyperplanes. The
coefficient 2 for 77 makes the situation somewhat different as we shall see.

Now consider pre-images of points. The results of [RS] and [FS4] do not
provide useful information since now T2 = (2dd°G)? = 0 on C2?. According to
Theorem 1.1, this is not a surprise, since d2(P) = 6, not 9, and we have a limit

p= lim iPk*w2
k—oo 6% y
which is the same measure (concentrated on the distinguished boundary of the
unit bidisk) as in Example 1. So pre-images of most points must concentrate
there. Again, the exceptional set for points is the same union of 3 hyperplanes
in P2. The measure p possesses the invariance property P*u = 6p. Note that we
also have u =T A Tj.

Consider the projectivization of this mapping: Q(t,z,w) = (t3,t2% w?) :
P? — P2 and the sequence Q* of its iterations. Note that although P is holo-
morphic, @ is only meromorphic and has one indeterminacy point (0, 1,0) which
is the reason for all “anomalies.” Since H, is contracted by @ to the fixed point
(0,0,1), the map Q is “generic” in the sense of Fornaess and Sibony [FS3, FS4].
Also, the graph of the mapping @ is singular, and thus it is necessary to re-
solve the singularities of the graph in order to define all our currents correctly
(see Section 3). Note that we have 6;(Q%) = 3%, 52(QF) = 6% < 6,(Q%)%2. In
accordance with the results of [FS3, FS4], there is an invariant (1,1)-current
T = dd°log(|w|?V [t|?) which is the projectivization of the above mentioned cur-
rent on C2. The projectivization of the other invariant current, 7}, is no longer
invariant, since now Q*Ty = 2T} + [H)-

There are only 2 super-attracting fixed points (1,0,0), (0,0, 1). As noted in
[F'S4, Example 2.1], the Fatou set Q¢ consists of the basins of attraction

Q1 ={lz] < |t],|w| < |t|} (the unit bidisk) , Qo = {Jt| < |w|}
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of these points together with a third component Q' = {|w| < || < |z|} attracted
by the indeterminacy point (0, 1,0), and thus

SuppT = 0y G 09 U O, =P\ Qg .

The measure p can be written homogeneously on P? as pu = [dd°log(|z|* v
|w|?V[t]?)]?. We have pp = T ATy as before, and p is invariant on P? (Q*p = 6u)
although 77 is not invariant. We now compute the product 72 on P2. First
we note that outside the indeterminacy point (0,1,0), 72 = lim 9~ *P**w? =
0. The Green function (on C3) of Q is given by G = log(Jw| V |t|); hence,
using the coordinates w' = w/z, t' = t/z in P?\ {z = 0} ~ C?, we see that
T? = [2ddlog(|w'| V |['])]?> = [(0,1,0)]. (Since G is locally bounded off the line
{(0,2,0)} C C3, the product T? is well-defined according to [De, Cor. 2.11] or
[F'S5, Cor. 3.6].)

Remark. The current T' = 2dd°G in Example 2 has mass 1, i.e., | T||(P?) =
(T,w) = 1 (see Section 6). It follows that ||T2[|(P?) = 1, which gives an al-
ternate proof that 7% = [(0,1,0)]. In fact, if T € D'V1(P"), U € D'99(P")
(1 < ¢ < n) are closed positive currents of mass 1 such that the product
T AU is well-defined as in [De| or [FS5], then T'A U has mass 1 by [FS5,
Th. 4.4]. A simple proof of this “general Bezout theorem” is as follows: Since
(T,w™ 1) = 1, we can write T = dd“u + w. The (quasi-plurisubharmonic) func-
tion u can be realized as the pointwise limit of smooth functions u; > w on
P™ such that dd°u; > —w. Let Ty = dd°uy + w. Then on any affine open set,
Ty, = dd°(uy + h), where dd°h = w. By [De] or [FS5], T, AU — T AU. Since
(T NU,w"= 1) = (U, T, Aw" 971 = (U,w"7) = 1, we conclude that

ITAU|(P™) = (T AU, ") = lim(Tp AU, w" 1) =1,

Example 3. We now consider the sequence of iterations of the map P(z,w)
= (w?,2?). This example is not generic in the sense of Fornaess and Sibony
[FS3, FS4], since Hy is contracted by (the projectivization of) P to the indeter-
minacy point (0, 1,0), so we cannot conclude from [FS3, FS4] that the sequence
of currents (1/d;(P*))P¥*w converges. Instead we have two subsequences

(PP = ()}, (P = (P 22}
The first subsequence is the same as in Example 1 with § = 6, and the corre-
sponding current subsequence thus converges to

Ty = dd®log™ (|z]* V |w/?).
The second subsequence of currents converges to

Ty = dd®log™ (|w|? v |2[*/3) .
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These currents are responsible for the distribution of pre-images of hyperplanes.
As for the invariance properties, neither 77 nor 75 are invariant since P*T; =
3Ty, P*T, = 2Ty. However, the current S = dd®log(|z|2 V |w|V6) is invariant
on C2? with P*S = /65 , but S does not extend to an invariant current on P2.
(The current [H] seems to be the only invariant closed positive (1, 1)-current
on P2.) Note that §;(P) = 3 but \;(P) = v/6 < 6;(P), which is another way to
conclude that P is not Fornaess-Sibony generic (see Section 4).

For the codimension two case, we have d(P¥) = 6o(P)* = 6*. So there is a
limit measure which is the same as in the two previous examples and is invariant.

Example 4. One of the early motivations for the study of iterations came
from Newton’s method, which provides an interesting example of a rational map-
ping of P2, as follows. If one applies Newton’s method to find the zeros of the
function F : C? — C2? given by F(z,w) = (z —w?,w — 2?), one then must iterate
the map

(z.) > (w(w +22%) z(z+ 2w2)) ’

dow—1 7 daw—1
which extends to the rational mapping of P2,
Q(t,z,w) = (t(4zw — %), w(tw + 227), 2(tz + 2w?)) .

The mapping @ has 4 super-attracting fixed points (which are the zeros of F')
and 5 indeterminacy points: Ig = I' U I, where I’ = {(-2,a,0a?) : o = 1}
and I, = {(0,1,0),(0,0,1)}. (The restriction of @ to Hs \ I is the identity
map, and thus the points of Hy, \ I are non-attracting fixed points of @.) It is
interesting to note that @ does not contract any curves in P2. Precisely,

(5) Q7 (1,a,0)={(L,axt Va2 —b,b+ Vb —a)} ,
Q7 1(0,a,b) = {(O,a,b), (2ab,b?,a?), (0,1,0), (0,0, 1)} .

Since no curves are contracted, A\ (Q) = §1(Q) = 3. We see from (5) that
52(P) = 4. (Note that d;(P)? — §2(P) equals the number of indeterminacy
points; see the comment following Lemma 4.4.)

Let ©;, j = 1,...,4, denote the respective basins of attraction of the 4
super-attracting fixed points. By (5), each fixed point is completely invariant,
so the €; are connected. Since the €); are components of the Fatou set Qg, u
does not charge the ;. (It is an open question whether Q¢ contains any other
components.) It then follows from Theorem 1.1 applied to the delta measures of
(non-exceptional) points of §2; that

4
Supp p C m o0 .

j=1

In particular the §2; have common boundary points.
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Since Eg = @, p is invariant: Q*p = 4p. The 4 super-attracting fixed
points, as well as the 2 infinite indeterminacy points, are exceptional. In fact
all the points of H,, are apparently exceptional. To see this, consider a point
W = (0,a,b), ab # 0. We iterate (5) to conclude that

k
On the other hand, from computer experiments using Maple, it appears that
1 does not charge I, (although it looks like I, C Supp u), as we expect (see
Question 2 below), and thus W is exceptional. We have not found any other ex-
ceptional points. In particular, if we assume that the finite pre-image (2ab, b?, a?)
of W is nonexceptional, we can conclude from (5) that
1

1, 1

Let us assume that the points of I’ are nonexceptional, which appears to be
the case from computer experiments. It then follows that the backwards orbit
of each point of I’ is an infinite set with closure containing the support of p.
We can write Igr = I, U I}, where I}, = I' UQ™H(I")U--- UQ~*=I(I'), and it
follows that the indeterminacy sets of the iterates of ) accumulate along Supp p.

Let G = 37%dd°log|Q*|. According to [FS3, FS4], {G)} converges to
a Green function G, and {Q**w} converges to an invariant (1,1)-current 7" =
2dd°G. One can show that

(6) (2dd°G)? = 51,; (@2 + (1] + mulls])

where nj, = 3(9¥+1—2-4%). The discrete part of the measure in (6) is obtained by
noting that the points of I;, are simple indeterminacy points (see the comment
following Lemma 4.4); the value of ny is determined by the requirement that
(2dd°Gy)? have mass 1. (See the remark following Example 2.) Letting k — oo

in (6), we conclude that (2dd°Gy,)? — %[I].

We state here some open problems:

Question 1. In the Lyubich-Freire-Lopes-Mané Theorem, the exceptional
set contains at most two points; in Examples 1-3, the exceptional sets are unions
of at most 3 hyperplanes in P2. Can we further describe the exceptional set in
Theorem 1.17 For a holomorphic map, is the exceptional set algebraic?

Question 2. As mentioned in Section 1, if u(Ep) = 0, then P*p would
be well defined and we would have P*u = Au. Does u(Ep) = 0 for all rational
maps satisfying the hypotheses of Theorem 1.1% Indeed, can p charge an algebraic
subvariety of P™?
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Question 3. If P : P — P" is holomorphic, then {§,(P)~*P**w’} con-
verges to (2dd°G)¢, where G is the Green function. Fornaess and Sibony [FS4]
showed that if P is a meromorphic map of P? with 6;(P) = A;(P), then
{61(P)~*P**w} converges to a positive (1,1)-current of mass 1 (provided that
G # —00). Can one interpolate between this result of Fornaess-Sibony [FS4] and
Theorem 1.1, as in the holomorphic case? In particular, does {5,(P)~FPF*w*}
converge if 0¢(P) = X(P) > Ae—1(P), for 1<l <n?

Question 4. Theorem 1.2 easily generalizes to the case where [W] is re-
placed with (1/d)[A], where A is a (nonexceptional) complete intersection of
degree d; the conclusion also holds with W replaced with a product of closed
positive smooth (1,1)-forms of mass 1. Does Theorem 1.2 (or Corollary 1.4) hold
for [W] replaced with a “general” closed positive (£,£)-current of mass 1?2 (For
the case of P : P? — P? holomorphic and ¢ = 1, Fornaess and Sibony [FS4,
Th. 4.16] gave a sufficient condition on P for Corollary 1.4 to hold for all closed
positive (1,1)-currents of mass 1.)

3. NOTATION AND TERMINOLOGY

We let EP1(X), DP9(X), D'»9(X) denote the spaces of (complex-valued)
C*® forms, compactly supported C*° forms, and currents, respectively, of bidegree
(p,q) on a complex manifold X and we use the standard differentials d = 9 + 9,
d¢ = (4m/—1)71(0 — ). Points in complex projective n-space P" are identified
with their representations z = (2, 21, ... , 2,) in homogeneous coordinates. We
shall regard the Grassmannian G(¢,m) of projective linear subspaces of codi-
mension £ in P™ as a subvariety of P(A\™ ' ~‘Cmt1).

If P:P" —— P™ is a non-constant meromorphic map, it is a well-known
consequence of Chow’s theorem that P must be rational, i.e., P can be written in
the form P = (P, ..., P,) where P; € C[z, ..., z,] and deg Py = - - - = deg Pp,.
We can assume that the P; have no common factors; we then say that deg P =
deg Py. (This notion of degree should not be confused with the topological degree
of an equidimensional rational map, which is the number of points in the pre-
image of a generic point in the range.) We let Ip C P™ denote the indeterminacy
locus of P (the points where P is not holomorphic); Ip is an algebraic subvariety
of codimension > 2.

Suppose f : Y — X is a holomorphic mapping of complex manifolds. If
« is a current on X, f*« is not always defined. However, we shall define f*«
in two special cases: First, we suppose a = uy where v € £P4(X) is a smooth
form and wu is the difference of plurisubharmonic functions. Assume further that
f(Y) is not contained in the +oo locus of u. Then w o f is the difference of
plurisubharmonic functions on Y and hence is in £110C(Y). We define f*a =
(u o f)f*v, which is clearly independent of the representation o = wy. The
second case we consider is that of a current of the form [D] A+, where [D] is the
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current of integration over a divisor D on X and ~ is a smooth form as before.
We assume also that f(Y) ¢ Supp D so that f*D is a divisor on Y. We then
define f*([D] A~) = [f*D] A f*y. These two definitions are consistent in the
following way. Suppose a = log |g|? - v where g is a meromorphic function on X
such that neither the zeroes nor the poles of g contain f(Y') and + is a closed
(p, ¢)-form on X. Then dd°a = [D] Ay where D = Div(g). Hence

(7) frdd°a = [f*D] A f*y = dd*(log|go f|* - f*y) = dd°f*a.

If v is a current on Y and f ‘Supp " is proper, one defines the push-forward cur-
rent f. by (fib, ) = (¥, f*¢); if ¥ is of order 0, then so is fy1. Furthermore,
if ¢ has Elloc coefficients, then so does f.1, provided that f is surjective. (The

latter statement follows from the fact that the coefficients of ¢ are in Ell if and
only if ¢ is of order 0 and the total variation measure ||¢| is absolutely continu-
ous with respect to volume measure. Note that if ¢ is a smooth form, then the
coefficients of f,1 are generally not smooth and may even be unbounded.)

Let P : P —— P™ be a rational map. For a smooth (p, ¢)-form n € EP9(P™)
we define the pull-back current P*n € D'P4(P™) as follows: We let Gp C P xP™
denote the graph of P (which is an irreducible algebraic subvariety of P™ x
P™) and we consider a desingularization G > Gp. We have the commutative
diagram:

P" P - P

We then define
Py =m.min .
The pull-back P*n has coefficients in E%oc’ since 737 is smooth. Furthermore
P*nlpn\ 1, is the usual (smooth) pull-back (P|pn\r,)*n, and thus P*n does not
depend on the choice of desingularization of G p.

We consider the current of integration [W] € D'“*(P™) and define the pull-
back 73 [W] to be the current of integration over the algebraic (n —¥¢)-cycle 3 W
on G (using the diagram (8)), whenever dim 7y L(W) = n—{. If we represent W
as the intersection of hyperplanes Hy, ... , Hp in P, then 75 W is the intersection
of divisors 75 H1N- - -Nmw3 Hy. For a definition of this intersection, which is a formal
sum of the irreducible components of 7, ' (W) with positive integer coefficients,
see [Ha, Appendix A] or Definitions 2.3 and 2.4.2 (or Example 7.1.10) in [Fu].
This pull-back, or intersection, can also be defined analytically as follows. Let g;
be a local defining function for 73 H;, for 1 < j < ¢, and write g = (g1,... , ge)-
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Then by Griffiths and King [GK, 1.10] (see also [Sh, I.12, Th. 3]), we have the
local formula

3 [W] = dd® (log |g|*(dd° log |g)*) -
(Alternately, m3[W] = ddlog |g1|? A. .. Add€log |g,|?, where the existence of this
product of currents is guaranteed by Demailly [De].)

We now state the Poincaré-Lelong formula for linear subspaces of P™ and
describe its pull-backs by a rational map P : P* —— P™. Let W € G(¢,m) be
an (m — £)-plane in P™. For each W € G(¢, m), we consider the Levine current
2

ALy — 1og 1LV declogK/\W\ Y AW e Dt e

FlAWE &

which (by definition) has locally integrable coefficients. We have the Poincaré-
Lelong formula for W [Le] (see also [GK, 1.15] or [Sh, 1.6, pp. 68-69]),

9) dd°AY, = W' — [W].

Now let W = H; N --- N Hy such that dim7, *(W) = n — £, where we use the
notation of (8). In order to “pull back” the identity (9) by the meromorphic
map P, we first apply the generalized Poincaré-Lelong formula ([GK, 1.15] or
[Sh, I1.6, pp. 68-69]) to the divisors w5 Hq,... ,m3H, of the lifted hyperplane-
section bundle 75Opm (1) with Chern form m3w to obtain

(10) ddmi N, = miwt — (W],
where 13AL, € D'11(G) is given by
(11)  (m3A%)(2)

def, |m@IP WS —1— 10-1,6-1
= log —=——5 » (dd°l AWR AT ieD G

Y 17’(’2(~)/\W|2 Z Og|7T2(~) ‘ ) ToWw S ( )
In particular, A%, has £lloc coefficients and is smooth on G \ 7y H(W). We
define the currents on P"
P*A€V = 7T1*7T§A€V 5

(12) PHW] = m1u 3 [W]

The current P*AY;,, being the push-forward by 7 of a current with Elloc coeffi-
cients, also has coefficients in ‘cioc' By applying 71 to (10), we then obtain the
Poincaré-Lelong formula for P*[W],

(13) dd°P* A%y, = P*w’ — P*[W].
Note that for generic W, n3[W] has multiplicity identically 1 and contains no

components inside the exceptional locus of 71, and thus P*[W] is the current of
integration over the closure of (Plpn\ 7, )~ H(W).
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4. THE INTERMEDIATE DEGREES OF A RATIONAL MAP

In this section, we give some properties of the intermediate degrees d,(P) of a
rational map P, which we also describe analytically and topologically. We use
the following consequence of Bertini’s theorem:

Lemma 4.1. LetY be a projective algebraic manifold and let f :' Y — P™
be a nonconstant holomorphic map. Then for a generic hyperplane H C P™, the
divisor f*H is smooth and has multiplicity 1.

Proof.  Apply Bertini’s Theorem (see, for example, [GH, p. 137]) to the
complete linear system of f*H. O

We now denote the normalized Fubini-Study Kahler form on P™ by w,.
For a subvariety V C P™, we write P~1(V) = (75 *(V)) (using the notation
in (8)). We let #(S) denote the cardinality of a set S. We begin with a formula
for the integral of certain singular forms on P™:

Lemma 4.2. Let P; : P" — P™i, 1 < j < n, be rational maps, and let
I:Ipl U“'U.[pn.

(i) For generic hyperplanes Hy C P™ ...  H, C P,

/ P, A+ AP, =#( () BTUH\T)
P\I =1
(ii) / Plwpm, A A Piwn, < [[degP; .

Pr\I =1

To verify Lemma 4.2, we first give a topological description of the integral.
Let X =P™ x ... x P and write P = (Py,...,P,) : P" —— X; then I = Ip.
Consider the commutative diagram

P" s - X
where G is a desingularization of the graph of P and 7, w2 are the projections.
Let p; : X — P™J denote the projection to the j-th factor and let P; = p; o my :

G — P™i for 1 < j < n. Let t,, denote the positive generator of H?(P™,Z),
and write

tng X oo X by, = Pitim, @ @pity, EHQ”(X,Z)7

where o denotes the cup product in the cohomology ring.
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Lemma 4.3. Using the notation of Lemma 4.2,
/ Py, A+ A Prwm, = (73(tm, %+ % tm,), G)
Pr\T

:(ﬁftml."'.ﬁ:tmn?é)ez'

Proof.  Since the de Rham class of the Kéhler form w,, on P equals %,,,
we have by Section 3,

waml/\~~~/\P;wmn:/ P (wWmy X oo+ X W)

Pr\T Pr\Ip
= (175 (Winy X+ X Win, )y 1)
= (M3 (Wimy X =7+ X Wi, ), 1)
= (7r§(tm1 X +oe X tmn),é> .
The second equality follows from our definitions. O

Proof of Lemma 4.2. Let E C G be the exceptional locus of 7. By
Lemma 4.1 applied to }51 LG = P™ | there is a hyperplane H; C P™ such
that the divisor 75 (H; x P™2 x -+ x P™n) is a smooth hypersurface Y; C G of
multiplicity 1 with dimY; N F <n — 1. By Lemma 4.1, we can inductively find
hyperplanes Hy C P™2,... | H,, C P™" such that, writing

S/}:ﬂ;1<H1X...XHjxpmj+l X oo x P

Y; is a smooth submanifold of G of dimension n — j,dimY;NE <n—j, and
the divisor (Pjly,_,)"H; (on Y;_1) has multiplicity 1, or equivalently, Pj_l(Hj)
intersects Y;_; transversely. In particular, dimY;, = 0 and Y, N E = @. Write
HJ’ :pj_l(Hj)7 for 1 < j < n, so that

Y, =7 '(H{N---NHj)=my ' (H))NY,_y .

A codimension j submanifold S of a complex manifold Y determines the
current of integration [S] € D'77(Y) given by ([S],¢) = [q ¢ for a test form .
We also let [S] denote the de Rham class in H* (Y,R) containing the current
[S]. (If Y is compact of dimension n, then the cohomology class [S] is the
Poincaré dual of the (2n — 2j)-cycle S.) If two submanifolds Sy, Sy intersect
transversely, then [S1NS2] = [S1]e[S2] in the cohomology ring of Y. In particular,
[Hj] =t; € HX(P™,Z) C H*(P™,R) and

[Hy X -« x Hy]=[H{ N NH)| =ty X Xty .
Furthermore, our construction of the H;,Y; implies that

Yj] = [Yj-a] e w3 [H}] = w3 [H] @ - - @ w3 [Hj] = w3 [H1 0 - N HJJ .
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Therefore,
(14) o (bmy X o os Xty ) =75 [Hy X -+ x Hy| = [Y,,]

(where the points of Y,, have multiplicity 1).
Let A; : C™ ! — C be a linear map defining the hyperplane H;, and
consider the polynomial

Q; = Aj(Pjo, ..., Pjm;) € Clzo,... ,2a] ,
where P; = (Pjo, ... , Pjm,), for 1 < j <n. We then have
(15) {zeP":Q,(z2) =0} =m (W{l(HJ/)) D 1Ip, .
Since Y; C G \ £ and m maps G \ E bijectively to P\ Ip, we have
T (Yy) =m (m3 " (Hi N -~-ﬁH’))\Ip

ﬁ \b—ﬂP D\ Ip

Jj=1

P\ I @ue) = = Qul(2) =0}

Thus by (14),

(w;(tml X oo x tmn),(~2> - ([Yn],G) — #(Y,) .

By Bézout’s Theorem,
#(Ya) = #(m (ﬂ H)\Ip) < [[ deg@; = [[ des P -
=1 j=1 j=1

The conclusion follows from Lemma 4.3. O

Definition. Let P :P" —— P™ be a rational map. We define the inter-
mediate degrees d¢(P) of P by the formula

6(P) = /P . P*wl AWt
n P

for 0 < ¢ < min(n, m).

We shall show in Lemma 4.4 below that the intermediate degrees are also
given by the geometric definition in the introduction; in particular, if m = n,
then 6, (P) is the topological degree of P, which is defined as the cardinality of
P~1(x), for a generic point x € P*. Note that §y(P) = 1. Clearly, 6,(P) > 0
if and only if rank P > ¢. Tt is easy to verify that §;(P) = deg P, and if P is
holomorphic (this can happen only if m > rank P = n), then &,(P) = (deg P)*,
for £ < n.
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It follows from Lemma 4.2 applied to the maps P, =--- =P, =P, Ppy; =
-- = P, = Idp~ that in general,
(16) 5¢(P) < (degP)*, for 1< ¢ <min(n,m).

We shall give a more general inequality in Lemma 4.7 below.

Lemma 4.4. Let P : P* —— P™ be a rational map, and let 1 < { <
min(n,m). Then
8¢(P) = deg P~ (W) < (deg P)*
for generic W € G(£, m), with equality if and only if codim Ip > £. In particular,
dn(P) < (deg P)", with equality if and only if P is holomorphic.

Proof. We shall apply Lemma 4.2 with P, = --- = P, = P, Pyyq =

- = P, = Idp«. By part (ii) of the lemma, §(P) < (deg P)*. For generic
W = HiN---NHy, 7, "(W) is of codimension £ and has no components contained
in the exceptional locus of 71, and thus P~1(W) has pure dimension n — ¢ and
dim P~Y(W) N Ip < n — . Hence for generic hyperplanes Hi, ... , H,, we have

ﬂP I\Ip =P 'W)NHy 1 0---NH,,

where W = Hy N --- N Hy, and thus by part (i),
5¢(P)=# (P'W)NHgpaN---NHy,) =deg P~ (W)
Furthermore, using the notation in the proof of Lemma 4.2,
{2e€P":Qi1(2) = =Qu(z) =0} =P (W)U Ip.

Since deg@; = -+- = degQy = deg P, it follows from Bézout’s theorem (see
for example [Fu, Example 8.4.6]) that §(P) < (deg P)’ if dimIp > n — (. If
dimIp < n—{, then P~*(W) D Ip (by dimension considerations) and Bézout’s
theorem gives equality. O

In fact, if n = 2 in Lemma 4.4, then §3(P) = (deg P)? — ¢, where q is the
number of points of Ip counting multiplicity. This is illustrated by the following
example.

Example. Let P :P? —— P? be the “quadratic transform” given by
1 1 1
P(z0,21,22) = (2122, 2022, 2021) = <7 —, ) :
20 21 22
Then §; (P ) =2, 5 (P) = 1. Note that in this example Ip consists of the three
points (1,0,0),(0,1,0),(0,0,1).
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Lemma 4.5. Suppose that P : P* —— P™ 4s a rational map and L :
Cmtl — CM+L s a linear map such that Tmage P ¢ P(L~Y(0)). Let P =
LoP:P*"—— PM where L : P™ —— PM s the map induced from L. Then

/ (Pzw)k A (P*w)e*k At < 0¢(P)
Pr\T
for1<k<{¢<n, where ] =IpUlIp,.

Proof. We can assume without loss of generality that M = m. We first
consider the case where L is nonsingular and thus L is biholomorphic. Therefore

/ (Pzw)k A (P*w)e—k /\wn—é :/ (P*w/)k A (P*w)é—k /\wn—é
Pr\I Pr\TI

~

where w’ = L*w. Since w’ and w are in the same de Rham class, it follows from
Section 3 (or by the proof of Lemma 4.3) that

/ (P*)F A (Prw)eh pwn—! = / (P*)! AWt = 6,(P) .
P\ T P\ T

We now suppose that L is singular. Choose a sequence {L,} of nonsingular
linear operators on C™*! such that L, — L. We can write
(P}jvw)k A (P*w)é—k /\wn—ﬂ vl fywn , (Pzw)k A (P*w)l—k /\wn—é _ fw"
where f,, f are non-negative C* functions on P" \ I. Then f, — f pointwise on

P™\ I, and hence by Fatou’s Lemma,

/ (Piw)® A (Prw)F At = fw™ < liminf fow™
P\ 1 Pr\I V=00 Jpn\T

=6,(P) . N

Lemma 4.6. Let P:P" —— P™  Q:P™ —— P" be rational maps. Then
60(Q o P) < 6,(P)oe(Q) .

Proof.  Let n = Q*w’ € D'“*(P"). We smooth 1 by an approximate
identity {t¢}eso with respect to a Haar measure h on GL(n 4 1,C) to obtain

_ / (" )= (g)dh(g) € EX(B™) .
GL(n+1,C)

Then 1. — n pointwise as € — 0, 1. > 0, and we have the identity in de Rham
cohomology,

(1] = [n] = 8¢(Q)[w*] € H*(P", Z) .
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Using the commutative diagram (8), we then have
/ P Awf = /~ Tine Amiw™ Tt

G
_ /G 5(Q)m3wt A miw™ = 6,(Q)6(P) .

Therefore, by Fatou’s lemma,
0¢(Q o P) :/ Py AWt
]P"\IQOP
<liminf [ P*n. Aw" " = 6,(Q)du(P) . O
e—0

Pn

In particular, if P : P" —— P", we have §,(P’**) < 6,(P7)6,(P*). Hence
the sequence ¢, = logdy(P*), k = 1,2,..., is subadditive and thus cx/k —
infy, ex /k (see, for example, [PS, 1.98]). This enables us to introduce the following
definition.

Definition. Let P : P* —— P” be a meromorphic map, and let P* denote
the k-th iterate of P. We define the intermediate dynamic degrees A¢(P) of P by

— k\1/k _ k\1/k
Ae(P) klglgoég(P ) lirzlfl O¢(P")7
for1 </ <n.

The intermediate dynamic degrees were considered by Friedland [Fr]; A1 (P)
is called the “dynamic degree” in [Di]. We note that A¢(P) < ¢(P), and A\, (P) <
8,(P). If P is holomorphic, then A\;(P) = §,(P). The map P : P? —— P? is
“generic” in the sense of Fornaess and Sibony [FS3, FS4] if and only if A, (P) =
51(P) [FS4, Di].

Lemma 4.7. Let P :P" —— P™ be a rational map. Then
Ok4e(P) < 0 (P)oe(P) .

Proof. Let n = P*w’ € D'“*(P™) and consider the smooth forms 7. as in
the above proof. As before,

[n:] = 6e(P)[w'] € H**(P",Z)

and

/ P*oF Ape Awn TR = /~ mawh AT (ne Awm TR
2 G

= 6,(P) /~ mwt ATtk = 6,(P)6(P) .
G
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The conclusion follows as above by letting ¢ — 0 and applying Fatou’s
Lemma. O
Note that it follows immediately from Lemma 4.7 that

Akt (P) < Ae(P)Ae(P) -
5. THE PROXIMITY FUNCTION

Let P : P* —— P™ be a rational map, and let 1 < ¢ < min(n,m). Recall
that if codimmy *(W) = ¢, where my : G — P™ is given by the commutative
diagram (8), then equations (11), (12) define a current P*Af, € D'*~1L¢-1(pn)
with locally integrable coefficients. Hence we can define the proximity function
mb : G(¢,m) — [0, 400] by

(P*Af/Va wnferl) _ / P*Af/[/ A wnflJrl
"\[IpUP~1(W)]

if codim 7y *(W) = ¢,

+o0 if codim 7y H(W) < ¢
for W € G(¢,m). We give G(¢, m) the Kéhler metric w induced from the natural
embedding G(¢,m) c P(A\™ ¢ Cmt.

The following key estimate is used in our proof of Theorem 1.2.

Lemma 5.1. If P :P" —— P™ is a rational map, then m% € LY (G(¢,m))
and

dd“m's < 05, 1 (P)w

for 1 < /¢ < min(n,m).

Before proving Lemma 5.1, we give a brief outline of our approach, which was
inspired by Skoda [Sk1, Sk2]. We consider the (n,n)-current on P? x G(¢, m)w,

P 2 2
17 Q=log LLEIWE e

[P(z) A\W[? 7
-1 ' _
A > (dd°log [P(z) AWI?)T A (ddlog | P(2)[*) "7
7=0
We shall show that €2 has locally integrable coefficients and that
(18) mf: =m0,

where 7w : P x G(¢,m) — G(¢,m) is the projection. We then differentiate (17)
and obtain the inequality

dd°m's = m,dd°Q
< [ww AW A S (dde log |[P(2) A WIR)

A(dde log|P(z)|2)e_1_j} .
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Finally, we apply Lemma 4.5 to obtain the desired bound on ddcmf:,.

In order to avoid various difficulties with multiplying and pulling back cur-
rents, we shall define Q as the pull-back (by a rational map) of a current Qona
larger product space X. The details are as follows.

Proof of Lemma 5.1. We assume first that ¢ > 2. (The estimate of
Lemma 5.1 is straightforward for the hyperplane case £ = 1; we give the argument
for this case at the end of this proof. See also [RS] for a complete treatment of
pre-images of hyperplanes.) Write £ = A" ‘Cm+! E = A" Cm+1 and
let \g: E — C, A1 : E — C be linear functions of unit norm. For ¢ e Ccmtl
W € E, we define the augmented exterior product

CAW = ((oWo, CAW) eCh E

where Wy = A\g(W). By making a linear change of coordinates in P™ we can
assume without loss of generality that Image P ¢ {¢ € P™ : (, = 0}; we also
assume that A; is chosen so that A\ (P(z) A W) £ 0.

We write

X =P x G(6,m)w x PP x P(E)y x P(C & E),

(The subscripts z, W, ¢, 6, n serve to identify the variables used in this discus-
sion.) Let @ : P x G(¢,m) —— X be the meromorphic (rational) map given
by

(19) Q(z, W) = (2, W, P(2), P(2) A\ W, P(2)AW) .

Let Ig C P” x G(¢,m) denote the indeterminacy locus of Q; I is an algebraic
subvariety of codimension > 2. Write U = P" x G(¢,m) \ I, and let Qo = Q|v :
U— X. _ _

We further write ; = A (0) for § € E. If n = (¢,0) € C® E, we write
no = ¢, m = 01 = A1 (0). We consider the current

o |C|2 |VV|2 |91|2 |Tlo (41 —1—j
Q=1 WL A A T epnn(X).
B 1ol Wol? 1O [P~ Z‘“ﬁ “ )

Since
ICI W 101] Imol PR W]

[Col ol 16T | * ™ 1P} AW
it follows that Qf‘)ﬁ is the smooth form on U given by the right side of equation
(17).
We now show that QE‘)(AZ extends to a current € with locally integrable coef-
ficients on all of P x G(¢,m). Let

Y % ImageQ Cc X
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be a desingularization of the image of ). (Note that Image @ is an algebraic
subvariety of X and can be identified with the graph of @.) Consider the pro-
jection 7' : X — P" x G(¢, m) and write p; = 7’ op, pa = wo p1, so that we have
the commutative diagram:

P" x G(¢,m) = Y
14 P2
Q
P1
Y !
X T . P" x G(l,m) — X

We then define Q = pl*p*ﬁ, where p*ﬁ is given as in Section 3. Since p; maps
pfl(U) biholomorphically onto U, we have Qy = p o pf1|U7 and therefore

Qv = (o 'lo)7r 2 = QoL
Since 2 has coefficients in ﬁlloc’ it is the extension to P x G(¢, m) of QSQ with

zero mass on Ig.
We now verify equation (18):

Lemma 5.2. m', = Pt =T, 0 € LG, m)).

Proof. By the definition of 2 we have

(20) P2up Q=T prap Q=T Q.
Since 2 has coeflicients in ‘Clloc’ .0 € LYG(¢,m)) and
(21) (m.Q)(W) = / Q< +oo0, foraa WeGEm).
P2 x{W\Iq
Therefore
(22) mp(W) = P*AS, AW = / Q
Pr\[IpUP=1(W)] P2 x{W\Iq

whenever codim, '(W) = ¢ and thus for a.a. W € G(¢,m). The desired
identity follows from (20), (21), and (22). O

We are now ready to compute ddcmfg. We let Hg, Hgv, Hel, HS, H,% denote
the hyperplanes in X given by the divisors of (o, Wy, 01, 19,11 respectively, and

we let
CoWom )

D=H+HY — H + H' — HY = Dji
¢ Hw o+ K v 0110
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We have
-1
~ B il
(23) dd°Q = (we +ww —wp — D) Awl A Zwé Aw; 1=
j=0
e_l . .
= [wf —wh+ (ww — D) A Zwé A wg_l_j} AWl
7=0

Lemma 5.3. The divisor p*D is effective (i.e., is locally the divisor of a
holomorphic function).

Proof.  (Our choices of {y and 0, guarantee that p(Y) ¢ Supp D so that
p*D is defined.) Let yo € Y be arbitrary, and let

X'={(z,W,(,0,n) € X : 2z # 0, \(W) # 0,¢; # 0, N (0) # 0}

where 0 <i<n,0<j<mand \: E = C,\ : E — C are linear functions
chosen so that p(yo) € X'. Let
g= %E € Mer(X")
6, Mo
where (o = Co/¢j, Wo = Wo/AW) = (Ao/N(W), 8 = 6 /X (8) = (M /N)(6).
Then Div(g) = D|x/. We must show that g o p is holomorphic at yo. Now
Po(z) Wo N(P(z) A\W) Ai(P(z) A W)

90Q = Pi(2) \W) M(P() AN W) Po(2)Wo

CN(PE)AW)  N(PE)AW)

O PAW) B
where Z = z; 'z € C"H, W= AW)~IW € E. Write, fory € Y,

p1(y) = (2(y), W(y)) ,
2(y) = 2 (¥)2(y), W (y) = A(W(y)) ' W (y). Since p is holomorphic and p(yo) &
Div((;), there is a neighborhood Yj of yg so that P, (2(y)) = ¢(y) fu(y) fory € Yy
and 0 < p < m, where @, fo,... , fm € O(Yy), 9 #0, and f;(yo) # 0. Thus
N(@FAW)  N(FAW)

efj a b

on Yy, where F' = (fo,... fm). Since f;(yo) # 0, g o p is holomorphic at yo. [

gop=goQop =

We now complete the proof of Lemma 5.1: By Lemma 5.3 and (23), we have

—1
p*ddcﬁ <p* {(wf + ww A ng A wéil*j) A w?_“l} )
=0
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By Section 3, p*ddcﬁ = ddcp*ﬁ. Hence by Lemma 5.2,
dd°m’ = dd®(pasp™Q) = pa.p*dd°Q)
-1 4
< payp” [(wé + ww A Zwé A wf_l_]) A w?_“l} )
j=0
For any smooth form 7 on X, we define as before Q*n = p1.p*n, which is the

unique extension with Elloc coefficients of the form Q§n, and we have pa,.p*n =
T Q*n. Since

Qi (Wt AWl = (dd°log | P(2) ) Awl ™t =0,

we obtain
-1 ‘ A

ddem’, < Z T Q" (ww Awj A wéilﬂ A wf‘“l)
7=0
-1

[ g P AW AP e e
j=0 \YPrx{WHhliq

By Lemma 4.5 with L : C™*1 — E given by L(¢) = C AW,
/ (dd°log |P(2) AWV A (Prwe)t179 Aul=t+1 < 5,y (P),
Prx {W\ I

and the desired bound on dd°m/% follows.
We now modify (and simplify) the above argument for the case ¢ =
Identify

G(1,m) = P(\"C™ ) = P(C™+1%) = P+ |

Let X =P7 x Py" x P and consider the current

O |C| ‘ |2 m,n
Q= IOg\(WOPW’ZED (X).

Then
dd°Q = (w¢ + ww — D) Awy
where D = Div(W,¢). Then mb = 7.Q*Q, where
Q= (zWP(): P xPyp— X.
We conclude as before that ddcm}p = ﬂ*Q*ddcﬁ < ww. O

Remark. We could use equalities (11), (12) to define m% (W) for all W €
P(A™ 7 C™+1); then Lemma 5.1 remains valid on P(A™ ¢ Cm+1).
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6. DESCRIPTION OF THE EXCEPTIONAL SET

In this section we prove Theorem 1.2, giving a description of the exceptional
set £ in terms of the proximity function as follows. For a rational map P : P"* —
P™, we write

(24) BY = {W € G(¢,m) : codimm, (W) < ¢} ,

where Ty is given by (8). The set BY% is a proper algebraic subvariety (possibly
empty) of G(¢,m). Recall that P*A}” and P*[W] are defined by (12) and the
Poincaré-Lelong formula (13) holds whenever W € G(¢,m) \ B%. By the defini-
tion of the proximity function at the beginning of Section 5, m4%(W) = +oo if
and only if W € B%. Now let P = {P;} be a sequence of rational mappings from
P™ to P™ as in Theorem 1.2 and fix a sequence A = {ax} of positive numbers.
We define the exceptional set

(25) E(P,A) = {W € G(¢,m) : limsup M > 0} .

k—o0 Qg

(In particular, & (P,.A) contains the set (), U=, Bf;j )
The following two propositions yield Theorem 1.2 with £ = &(P, A).

Proposition 6.1. Let P = {P;} be a sequence of rational mappings from
P™ to P™ and let A = {ar} be a sequence of positive numbers. Let 1 < ¢ <
min(n,m). Then for all W € G(¢,m) \ E(P,A),

1
— (PE[W] = Piw’) =0
ak
as k — oo.
Proposition 6.2. Let P = {P}, A= {ay} be as in Proposition 6.1. If

f: de—1(Pr)

a

< +0o0,
k=1

then E¢(P, A) is pluripolar in G(¢,m).

Before proving Propositions 6.1 and 6.2, we note a corollary to Theorem 1.2
on the equidistribution of pre-images for subsequences of a given sequence of
rational mappings. This corollary uses the following terminology: For a current
T € D'PP(P™) of order 0, we let ||T|| denote the total variation measure of T,
which is the regular measure on P™ given by

ITI(U) = sup {|(T,¢)| : p € D" P"7P(U), [loll < 1}

for U open in P". Here, ||¢|| denotes the comass norm of a compactly supported
form ¢ (see Federer [Fe, 1.8.1, 4.1.7]). The quantity ||T'||(P™) is called the mass
of T. If T is positive, then it follows from Wirtinger’s inequality (see for example,
[Fe, 1.8.2]) that ||T']|(P™) = (T,w™ P). In particular, |wP||(P") = 1.
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Corollary 6.3. LetP = {Py} be as in Theorem 1.2, let 1 < { < min(n,m),
and suppose that
o—1(P%)
0¢(Pr)

Let M C D'*(P™) be the set of weak cluster points of {(1/5,(Py))P**w*}. Then
M # @, and for every current n € M,

—0.

(i) n is a positive current

(ii) n has mass 1

1) there s a subsequence 0 k; and a pluripolar set & such that
iii) th ] b p] P d luripol & h th

1
5(P)" "

for all W e G(¢,m)\ €.

P W] =

Proof (assuming Theorem 1.2). Since

‘6Z(Pk) ( Pk / kw Aw' Tt =1,

it follows that M # @. Let

Prw

* A
n = klirrgoal( )Pkw eM

for some subsequence {P}} of P. Then (i) is obvious, and (ii) follows from

’

1
Il (") = (n,0™") = lim o (Plw’, 0" ) = 1.
Finally, choose a subsequence {P;'} of {P}} such that
o 1 P//
S
and apply Theorem 1.2 with a) = 0,(P}/) to obtain (iii). O

Proof of Proposition 6.1. Let ¢ € D" “"~(P") be an arbitrary real
form and choose a constant c,, such that —c¢w”*é+1 <ddp < cww"’zﬂ. Then
for all W € G(¢,m) \ Bfgk, we have by the Poincaré-Lelong formula (13),

(26) (P W] = Piw’,9)| = (P Ay, dd°¢)| < cpmip, (W) .

The conclusion follows from the definition of & (P, A). O
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Proof of Proposition 6.2. Let P : P"* —— P™ be a rational map. By (22)
we can write
P Ay Awl ™ = fz, W)W

where

(i) 0 < f(z,W) < +oc,

(ii) f e LY(P" x G(¢,m)),

(iii) f is continuous on P™ x G(¢,m) \ I .
Here @ is the map given by equation (19) in Section 5. We set f(z, W) = 0 for
(2, W) € I so that f is lower semi-continuous on P" x G(¢,m), and we write

mp(W)= | flz, W),
Py
for W € G(¢,m). Since f is lower semi-continuous, it follows immediately from
Fatou’s Lemma that
iivp(Wo) < lim inf iy (W)

for Wy € G(¢,m), and thus m% is lower semi-continuous on G(¢,m). By the
definition of the proximity function at the beginning of Section 5,

my(W) =mb(W), for W eG(,m)\Bs.

A function v on a complex manifold Y (with values in RU —{o0}) is said to
be quasi-plurisubharmonic if u is locally equal to the sum of a C* function and
a plurisubharmonic function; an element u & Eioc (has a representative that) is
quasi-plurisubharmonic if and only if dd°u is bounded below by a continuous real
(1,1)-form. By Lemma 5.1, —m% is equal almost everywhere to a (pointwise-
defined) quasi- plurlsubharmomc function mf; on G(Z m). Since fmfg is upper
semi—continuous and equal almost everywhere to —m$ p, it follows that —mfj >
—mb - (If an upper semi-continuous function g is equal almost everywhere to a
quasi-plurisubharmonic function g, then it follows immediately by reducing to
the plurisubharmonic case that g > g.)

We now let P = {P;}, A= {ax} be as in Proposition 6.2 and suppose that

> (8e—1(Px))/ax < +oo. Let

EN(P,A) = {W € G(t,m): Z M = +oo} D &(P,A) .
k—o0 ak

We shall show that (P, .A) is pluripolar; it suffices to show that it is pluripolar
in an arbitrary affine open set

o &t {W e G(l,m) : \(W) # 0}
given by a linear function A : A" Cmt! - C.
We write
mg = mé > 771131C
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and we consider the functions uy : G’ — RU {—o0} given by

my,
27 S /S
(27) W= e
where
(28) (W) = log IV
A2

We assume that |A]| =1, so v(W) > 0. By Lemma 5.1, uy, is plurisubharmonic
on G’. Next, construct the series

> 55_1(Pk-) 1 > myg
2 = —_— = —_ .
(29) U ; o up = Sv ﬂ; >
where

=61 (By)
S=> ~
k=1

Since
(30) m(W) = mb (W) for W e G(¢,m)\ By, ,

it follows from (29) that

EP, NG C{W G :u(W) = —o0} U (UBg) .
k

Since the sets Bf;k are pluripolar it suffices to show that u is plurisubhar-
monic. We can represent u as a limit of the sequence

1km'
:S —_ = 7'].
=S g3

J=1

Since my, > 0, {7} is a decreasing sequence of plurisubharmonic functions on
G’, so the limit u is either plurisubharmonic or identically —oo. To see that the
latter case is impossible, we shall average u(W) over all W with respect to Haar
probability measure o on G(¢,m). It is well known (e.g., see [Sh, Ch. 2, § 4,
Th. 7]) that

(31) / A%V(z) do(W) = ce,mwefl(z)
G(£,m)
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for some constant ¢ ,,,. Therefore, by Fubini’s theorem and the pull-back of (31)
by Py,

/mf:,k(W)da(W): / /P;A@Aw"*f“ do(W)

G(€,m) G(¢,m) \Pm
= Cé,m/PI:le AW = g6 1 (Pr) -
P'ﬂ
Hence
[uwydo(w) = - 3 [ muw do(w)
u o — —/m o
- f el ag k
S L [t ovyasom
- — — ag
Y4 ag P
k=1
_ I emdea ) emg
Y4 Qar Y4
k=1
Thus u is plurisubharmonic. O

7. LIMIT MEASURES FOR ITERATES OF RATIONAL MAPS

In this section we prove Theorem 1.1 and Corollary 1.3. We also show that
the iterated pull-backs of certain measures converge in the distribution sense at
an exponential rate (Proposition 7.1). We continue to use the notation from
Section 6.

Proof of Corollary 1.3. Let { P} be given as in the corollary, and let £ be
the exceptional pluripolar set of Theorem 1.2 with ¢ = m and ay = §,,(P). We
can assume that € D (J,, BP , where B} is given by (24). Let v be a probability
measure with v(£) = 0. We pull back the tautological identity

v = / (W)
to obtain

pv= [ R,
]P’"\B;;“]'C
Let ¢ € D*~™"=™(P") be arbitrary. We then have

(32)

1
Plv— Piw™,p) = dv
5m(Pk) ( k k (P) P\ fk
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where
1

W)= ——
FeW) = 55
for W e P\ £. By (13), for W € P™ \ Bj we have

(Pe[W],w™™) = (Pro™, W™ ™) = 0m(Pr) ,

BEW] = PLw™, ¢)

and thus

33) AW < ﬁ (V] @)l + [(PEw™, o)) < 2sup ]| -

By Theorem 1.2, f — 0 pointwise, and thus by (33) we can let kK — oo in (32)
to conclude that

— (Pv—Pw™,p) 0. O
6m(Pk)( k k @)

Proof of Theorem 1.1. Assume that P : P* — P X\ = §,(P) are as
in Theorem 1.1. Since 6, 1(P*) < [A_1(P) + o(1)]* and 6,(P*) = N*, by
Corollary 1.3 (and the remark following the corollary) it suffices to show that
the sequence of measures {\~*P**w"} converges weakly to a measure y. Since
the measures A~*P¥*w" are probability measures, it suffices to show that the
sequence converges weakly in D/™"™(P™).

Let

1
By the definition of the topological degree d,,(P), [5, h = 1. We claim that if f
is a quasi-plurisubharmonic function on P”, then

(34) fh>—00.

]Pln
(Note that h > 0; since f is bounded above, the claim is equivalent to saying
that fhis £1.) To verify the claim, we again consider the commutative diagram

(8). We then have
1
/fh:f/(fom)ﬁgw" > —00
Ala

since f o is quasi-plurisubharmonic on G and hence is in £!, verifying (34).
Choose a > 0 such that A\,_1(P) < a < A. By (4), the sum

> Oy (PF
Sd:efzﬁ < 4o00.

ok
k=1
Applying Proposition 6.2 with £ = n, P = {P*}, and A = {a*}, we conclude
that
mi (W)

— 0
ak

(35)
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for points W of P™ outside a pluripolar set. Since pluripolar sets have Lebesgue
measure zero, (35) is valid for a.a. W € P". Write

f= Zm”.

By the proof of Proposition 6.2, f is equal almost everywhere to the function

}“dzef nSv —nu ,

where v,u are given by (28),(29); the function u is plurisubharmonic and v is
C* on an (arbitrarily chosen) affine open set in G(¢,m). Hence —f is quasi-
plurisubharmonic on G(¢, m). Therefore, by (34),

(36) /fh:/fh<+oo

Let ¢ € D%O(P") be arbitrary. Since [;, h =1,

1
ak

(37) (PR PR g) = ai,c / (P**w" — PR [IW], o) h(W)

1 * n C
— [ R (PF K da (W)

where the second equality follows from the Poincaré-Lelong formula (13). By
(26),

1 me (W
(39) P arg| < B <o pon

a a
and hence by (35),

1
ak

(39) (P** AL, dd°) — 0 for h-a.a. W .
a

By (36), (38), and (39), we can let k& — 400 in (37) and apply Lebesgue’s
dominated convergence theorem to conclude that

1
(40) E(Pk*w" — P*h,0) =0
as k — +o0.
We note that )
k+1y\* ks
)\]H_I(P ) 'w™ fﬁP h,

as an identity of currents with L'l oc coefficients. Hence by (40),

1 1
(41) ’(W(P]H—l)*w ﬁpk* n 90)‘ )\k ’(Pk*h Pk* n’w)}

<o ((a/)\)k) .
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{(Gere))

is Cauchy. Since ¢ is arbitrary, it follows that the sequence {(1/\*)P**wn}
converges weakly in D'™"™(P"). O

Therefore the sequence

It follows from the above proof that for each smooth test function ¢ on
P", the sequence {(A"¥P** 3§y, — p, )} converges to 0 at an exponential rate.
Precisely, we have the following result:

Proposition 7.1. Let P\ > \,_1(P), i be as in Theorem 1.1. Then there
is a pluripolar set £ C P™ such that for all C* functions p on P":

(i) f W e P\ &, then

limsup |(A"*P** oy — p, ‘P)‘l/k £ 7
k—oo A
(i) if g € L>(P"), then
limsup [ (A~ PF*(gw™) — cyp, 90)|1/k

k—o0

IN

where ¢g = [ gw™.

Proof. By Theorem 1.2, we can find a pluripolar set £ such that (35) holds
for all @ > A,_1(P) and for all W € P” \ €. Let a > \,_1(P) be arbitrary. We
conclude from (41) that

(42) (Gerter )| < o(@n®)

Part (i) of the proposition follows immediately from Corollary 1.4 and (42).
To prove part (i), we can assume without loss of generality that ¢ > 0 and
¢g = 1. By repeating the part of the proof of Theorem 1.1 from equation (36) to
equation (40) with h replaced by gw”, we conclude that

1 . ,
(43) — (Pk*w” — Pk*(gw”), cp) -0,
and (ii) then follows from (42) and (43). O

Remark. Proposition 7.1 does not hold for continuous test functions .
For example, let P : C — C be the map P(z) = 2z, A > 2. Let ¢ be the
continuous function on C U {oc} given by ¢(z) = ¢(]z|) where

w(r) = (| log|logr| [ +1)"" .
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Then p is Haar measure on the circle and (p,¢) = 0. Let w € C\ {0} with
|w| # 1, and write u* = A\=¥P**§,,. We have

ko = (uF o) = Yo L
(fy = 115 0) = (> ) ¢(|w| ) klog A + ¢

for kK > 0, and thus (i) does not hold for this C° function ¢. This example
also shows that convergence in the space of measures does not always hold in
Corollary 1.4 if a < A¢(P) or in Theorem 1.2.
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